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Abstract

We analyze centralized housing markets under the existence of feasibility con-
straints on the number of agents and objects involved in the exchanges. We focus
on an incomplete information setting where only the information about how each
agent ranks her endowment is private. We show that under non-degenerate ex—ante
probability distributions over preference profiles, no rule satisfies the joint require-

ments of individual rationality, (constrained) efficiency, and incentive compatibility.
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1 Introduction

A housing market problem consists of a set of agents who own a set indivisible objects
(houses) that should be reallocated to the agents by a centralized clearinghouse. Each
agent is entitled to keep the object she initially owns. Monetary transfers among the
agents are not allowed. Real-life applications include paired kidney exchange, graduate
housing, holiday house swaps, among others.! Since the seminal work by Shapley and
Scarf (1974), housing markets have received considerable attention. When preferences
are strict, there is a unique core outcome for each housing market in the sense that no
group of agents can improve upon it by trading their initial endowments among them.?
The core outcome can be obtained through the Gale’s top trade cycle algorithm and
the mechanism which selects it for each problem is the unique efficient mechanism that
provides incentives for the agents to participate and to reveal their true preferences over

objects.?

The classical framework of housing markets however, cannot be applied to some real-
life problems of allocation of indivisible objects, because they have some specific features
that have to be taken into consideration. In particular we are interested in problems
where (i) the set of feasible allocations is restricted due to the presence of constraints on
the number of exchanges that can be performed among the agents, and (ii) the domain of
preferences is a subset of the universal domain. The presence of these two characteristics
make these real-life problems interesting. Feasibility constraints render the top trade cycle
algorithm inapplicable, because it may prescribe allocations that require arbitrarily large
chains of exchange. The preference domain restriction raises the question whether there
are other mechanisms which satisfy desirable properties and induce feasible allocations.
Among the problems that share these features there are paired kidney exchange (PKE)

programs and the holiday house swap services.

In PKE, there are logistic constraints in the number of donor-patient pairs involved
in the exchange. In holiday house swaps, legal constraints may require exchanges to be
pairwise. At the same time the central planner may have some information about agents’

preferences which can be made public and induce a restricted preference domain. In PKE,

1See Sénmez and Unver (2011) for a recent survey on the literature.
2See Shapley and Scarf (1974); Roth and Postlewaite (1977); Roth (1982).
3See Ma (1994).



patients’ preferences over kidneys are based on compatibility and expected graft survival
issues that are directly observable by doctors by means of medical tests. Preference
profiles such that patients prefer incompatible organs to compatible ones can be excluded.
In holiday house swap problems, there are characteristics of the houses that are desirables

(or undesirable) for all the participants to the market and this is public information.

Nicold and Rodriguez-Alvarez (2011b) consider this setting in a model of PKE and
show that under feasibility constraints on the number of simultaneous kidney exchanges
truthful revelation of patients’ preferences is not compatible with a weak version of ef-
ficiency. Here, these negative results are extended proving that in a Bayesian setting,
incentive compatible mechanisms do not satisfy that weak version of efficiency. In Nicolo
and Rodriguez—Alvarez (2011a), positive results are restored when agents’ preference have
some degree of correlation.* In this paper we look to problems where there is a domain
restriction induced by public information on some characteristics of the agents, but in-
dividual preferences can be totally uncorrelated. In particular, we assume that (i) how
each agent ranks all pairs of objects different than her endowment is public information,
(ii) there may exist a set of objects which are surely worse than the endowment for an
agent. There are some objects however, whose ranking is common information and can
be either better or worse than the initial endowment. In PKE, these assumptions cap-
ture the fact that doctors may have precise estimates of the expected graft survival of
all available organs for each patient. Moreover, it is unambiguously accepted that re-
maining in dialysis is a better option than receiving an incompatible organ. These facts
notwithstanding, the minimum expected graft survival such that each patient requires to
undergo transplantation rather than waiting for a better match depends on unobservable
characteristics like patient’s risk aversion or time discounting. Consequently, this piece of

relevant information remains private information of the patient.

The remainder of the paper is organized as follows. In Section 2, we present the model
and basic notation. In Section 3, we introduce the notion of incentive compatibility and

the impossibility theorem. In Section 4, we conclude with the proof of the theorem.

4In PKE, correlation of patients’ preference can be observed because some characteristics of the donor,
like age, affects in the same direction all patients. If two patients are compatible with the same pair of

kidneys both prefer the organ of the youngest donor.



2 Housing Market Problems

Let N ={1,...,n} be a finite society consisting of a set of agents (n > 3). Each agent i

owns an object w;, and let Q@ = {wy,...,w,} be the set of available objects.

A preference relation is a complete, reflexive, and transitive binary relation over €.
Let R denote the set of all preference relations. Each agent ¢ € N is equipped with a

~,€ R, =; is the associated strict preference,

Y

preference 7—;€ R. For each i € N and each
relation and by ~; the associated indifference relation. A preference profile 7~ is an n-
tuples of preferences ;o= (221, ..., 7n), where for each i € N, 7—;,€ R. For each i € N and

~1 )~

each preference profile ~, =~ ; is the complementary profile of preferences of all patients
in N\ {i}.

For each agent ¢, her ranking of objects that are not w; is public information, but the
position of w; in her preference is private information. For each ¢ € N, let R; € R be
agent i’s public preference. A public preference profile R is an n-tuple of public
preferences, R = (Ry,..., R,). Agent i’s public preference does not completely defines i’s
preferences, but it determines her domain of admissible preferences. Specifically, for each
1 € N, the preference 7—; is consistent with the public preference profile R if for each pair
w,w € Q\ {w;},

() wR W & wim; o,

(il) w; R; w, implies w; >; w,
(iii) there is no w € Q\ {w;} such that w ~; wy.

By (i), ¢’s preference over objects that are not w; coincide with R;. By (ii), ¢’s ranking of
w; in 7; cannot be worse that its ranking according to R;. By (iii), i is never indifferent
between receiving any other agent’s object or keeping w;. In words, two pieces of infor-
mation may be public. First, how each agents ranks any pair of objects different than
her own enodwment. Second, a set, if any, of objects which are surely worst than the
endowment. Given R, DR is the set of preferences which are consistent with R for agent
i. Let D® = x;cn DR and let DR, = x ;. D}

A (housing market) problem is a pair (R, =) such that =& DR.



An assignment is a bijection from objects to agents. We denote an arbitrary a as
an n-tuple of pairs a = [(1,w), ..., (n,w’)] such that for each i,j € N, i # j and each
w,w € Q) if (i,w), (j,w') € a, then w # &'. For each i € N and each assignment a, a; is

the object assigned to ¢ according to a.

In every assignment, objects are allocated by forming exchange cycles. In each ex-
change cycle, every agent receives an object from some other agent in the cycle and
simultaneously her object is assigned to another agent in the cycle. There are interesting
applications of exchange of indivisible objects, like PKE, where logistic constraints restrict
the number of agents involved in an exchange cycle. We incorporate such constraints in

our analysis through a narrower definition of feasible assignments.

For each assignment a, let 7, be the finest partition of the set of agents such that for

each p € m, and each i € p:

(i) either there are j, j' € p, with a; = w; and a; = w;,”

(ii) or a; = wo.

Clearly, for each assignment a, the partition 7, is unique and well defined. We define
the cardinality of a as the maxye,, #p.® The cardinality of an assignment refers to the

size of the largest exchange cycle formed in the assignment.

For each k € N, k < n, we say that the assignment a is k—feasible if a’s cardinality
is not larger than k. Let A* be the set of all k-feasible assignments. An interesting case
of feasibility restrictions appears when only immediate exchanges between two agents are
admitted.

In this paper, we are interested in rules that select an assignment for each (exchange)
problem. A rule is a mapping ¢ that selects an assignment a for each problem (R, 7).
For each patient ¢ and each problem (R, ), we denote by ¢;(R, ;) the object assigned
to i by ¢ at (R, ). As R is given and public information, whenever there is no room for
confusion, we drop R from the arguments and simply write ¢(27). The assignment selected

by a rule can be interpreted as an optimal recommendation that takes into account the

5Note that j = j' and i = j = j' are allowed.
SFor each set S, #S refers to the number of elements of S.



preferences of the agents over objects and that tries to find a compromise between their

(perhaps conflicting) interests.

We present a formal definition of the standard conditions for desirable rules. The

reader should keep in mind that all the conditions refer to a given public preference

profile R.
Individual Rationality. For each i € N and each =€ DR, ¢;(x) = wo.

k—Efficiency. For each =€ DR, p(x) € A* and there is no a € A* such that for each
i€ N a; Z; ¢i() and for some j € N, a; >; ¢;(2).

Individual rationality takes into account a patient’s right to refuse any assignment
that does not improve upon keeping her own object; k-efficiency is the natural version of

efficiency that considers the feasibility restrictions on the cardinality of the assignments.

3 The Result

Agents preferences are private information and thus, they need to be elicited to propose
an assignment. It is desirable that agents reveal their true preferences to ensure that
the proposal is based on the correct information. This raises the problem of designing
procedures that provide the right incentives for the agents to reveal truthfully this crucial
information. Every R together with a rule ¢(-) define a direct revelation mechanism. A
direct revelation mechanism specifies a set of players (the patients), a set of strategies for

each agent, the sets DR, and an outcome function, p(R,-).” By the revelation princi-

7 7
ple, we focus without any loss of generality on agents’ incentives under direct revelation
mechanisms. Since we deal with probabilities, we need to consider agents’ preferences for

lotteries on assignments and we assume that agents are expected utility maximizers.

An expected utility function is a function u : 2 — R. Given R, for each i € N
and each —;€ DR, wu; is consistent with =, if for each w,w’ € Q such that w =; ',

1 )

ui(w) > u;(w'). An expected utility function reflects not only the simple order of her

"The direct revelation mechanism (R, ¢) falls short of defining a game in strategic form because R

does not introduce all the information about agents’ preferences.



preferences regarding objects but also a measure of the intensity of her preferences. A
lottery is a probability distribution over 2. For an agent i with preferences ;€ DR} and
consistent utility function u;, for each lottery A, the utility of the lottery is given by its
expected utility E[u; | A]. For each pair of lotteries A\, N, agent i (weakly) prefers A to X
if and only if E[u; | A\] > E[u; | Al.

Let F denote a probability distribution over preference profiles. For each ¢ € N and
each ;€ R, =; is in the support of F if there is preference profile 7-*€ R such that
F(z*) > 0 and Zf=2;. For each ¢ € N, each ;€ R in the support of F, we denote
the marginal distribution over complementary profiles when agent i’s preference is 7=; by
F(- |7Z;). A probability distribution F is independent if for each i € N and each pair 77;, 2/
in the support of F, F(- |=;) = F(- |Z}). For each independent probability distribution F,
we denote ¢’s marginal distribution over complementary profiles by F;. Finally, abusing
notation, for each j € N\ {i}, and each ;€ D}-{, and each independent probability
distribution F, we define

f(z)= ), F(zh)

{i*_i|>'*:>'

~j T~

For a given R, an information structure F is an independent probability dis-
tribution over preference profiles in DR. For each =€ DR F(z) denotes the ez-ante
probability that agents’ preference profile is =. Of course, for each =& DR, F(x) > 0;
for each ='e R\ DR, F(=Z/) = 0; and > repr F(Z) = 1.8

An information structure F is regular if for each preference profile —€ D® such that

for some i € N w; »; w for each w € Q\ {w;}, F(Z) = 0.

Regular information structures assign null probability to preference profiles where
an agent considers her own object as the best preferred object and has no incentive to

participate in the exchange.

8Note also that for each independent information structure F, for each i € N, each —;€ DR, and each
pair j, k € N\ {i}, £;(72:) = £ (Ze).



Incentive Compatibility. Given R and F, each agent i € N, each pair =;, =€ DR,

Ni7 ~Il

and each u; consistent with =,
E [ui(p(Zir ) | Fil > E[wi(p(Zh-) | Fil -

Incentive compatibility requires that truth-telling for all patients forms a Bayesian
Nash equilibrium of the Bayesian game defined by (R, {u;}ien, ¢, F'). Our main result is
an impossibility theorem that extends the negative conclusions of Theorem 1 in Nicolo
and Rodriguez-Alvarez (2011b) on the manipulability of rules in a PKE under complete
information. In the incomplete information case, in equilibrium any revelation mechanism

cannot satisfy the joint requirements of k-efficiency, and individual rationality.

Theorem 1. Let 2 < k < n. There exist public information profiles R such that for
every reqular information structure there is no rule that satisfies individual rationality,

k-efficiency, and incentive compatibility.

The impossibility result holds for arbitrary non-degenerate information structures.’

Theorem 1 is a housing market counterpart to the main result in Roth (1989). This author
shows that there is no incentive compatible mechanism that always selects a (core) stable
outcome in two—sided one-to many matching markets.!® In the context of PKE, Villa and
Patrone (2009) show that a rule that maximizes the number of kidney exchanges does not
satisfy incentive compatibility for some information structures. Theorem 1 considerably

extends the result to any arbitrary rule and to all non-degenerate information structures.

4 Proofs

Proof of Theorem 1. Assume to the contrary there is a rule ¢ such that for each R there

is a regular information structure F under which ¢ satisfies individual rationality, k-

9In fact, the proof of Theorem 1 applies to more general rules that depend also on the information

structure.
0Roth (1989) deals with uncertainty about other agents’ preferences (private values. Note that if

a mechanism always selects a stable outcome, then it satisfies efficiency (in its range) and individual
rationality). See Chakraborty et al. (2010) for related results in common value environment, where

agents have uncertainty about their own preferences.



efficiency, and incentive compatibility. We consider the cases k = 2 and 2 < kK < n
separately.

Let k = 2. Consider three agents {1,2,3} and public information profile R such that
wy Py ws Py wy , w3 Py wy Py wy, and wy P3 wy P3 ws; and such that for each i, j € {1,2,3},
k¢ {1,2,3}, w; P wi. Let =1, 51 € DR be such that wy =1 w3 =1 wy and wy =) wy = ws.
Let 79, 7—5€ DX be such that w3 =9 w1 =3 wy and w3 =5 wy =5 wi. Finally, let —3€ DR be
such that wy >3 wy >3 wy and wy >45 w3 =5 we . Let F be such that for some p, ¢, € (0, 1),
B(20) = p. £ () = (1—p) for i € {2.3}, £(%) = ¢, £(54) = (1—q) for j € {1,3}; and
fe(z3) = rand £, (224) = (1 —r) for k € {1,2}.

By indiwvidual rationality and k-efficiency,

[(1’ wQ)? (2’ wl)a (3a WB)] y
(10(?\_./) S [(17 w3)7 (27 w2)7 (37 wl)] )
[(17 wl)v (27 w3)7 (37 WQ)] .
Assume that () = [(1,ws), (2,w1), (3,ws)]. The arguments to prove the remaining cases

are parallel since the problem is symmetric and F is arbitrary. By individual rationality

and 2-efficiency,

o(Z2l) =1
P(Z2, Zho) = [(L,w2), (2,w1),
(3, Zls) = [(
() = [(L,w1), (2,w2), (3, w3

<1> (70(?.»,17?\;—1) = [(1,(4}2),(2,(4)1),(3,6(}3)], @(iéai—?) = [(1,(4}3),(2,(4)2),(3,(4}1)], and
o(zh, 7 3) = [(1,ws3), (2,ws), (3,w1)] . Then, for each us consistent with 2o,

E [ua(p(Z2, ) | Fo] = [r + (1 = p)(1 = 7)] ug(w1) + p(1 = r)ua(ws),
E [ua(p(Zh +) | Fo] = [(1 = 7) + pr]ug(wa) + (1 — p)rua(ws).

9



(iii)

For each uy consistent with 7= such that us(ws) = 0, ug(wsz) = 1, and ug(wy) <

(1—p)r ;) E[ua(p(zh ) | Fo] > Elua(p(Ze,-) | F2|, which contradicts incentive

r+(1-p)(1-r) ~

compatibility.

90(1?4,17 iﬁl) = [(17 w2)7 (27 wl)? (3a w3)]7 90(/?4,27 iﬁ?) = [(17 W3), (27 w2)> (3a wl)]? and
o(7h, 7m—3) = [(1,w2), (2,w1), (3, ws)]. Then, for each uy consistent with 7o,

E [us(0(Z2,°) | Fo] = ua(w1),
Efua(p(2h ) | Fo] = [(1 —7) + pr]us(ws) + (1 — p)rus(ws).

For each uy consistent with 7o such that us(ws) = 0, ug(ws) = 1, and ug(wy) <

(1 —p)r, Efua(p(Zh <) | Fo] > Eua(e(Z2, ) | Fo] , which contradicts incentive com-

patibility.
90(,%/1, ?«1) = [(L w2)> (27 w1)> (37 w3)]7 @(iéa id) = [(L w1)> (27 w3)> (37 wQ)]? and
o(7h, 7m—3) = [(1,ws), (2,ws), (3,w1)]. Then, for each uy consistent with 7o,

E [ug(o(Z2,7) | Fo] = [r + (1 = p)(1 = r)] uz(w1) + p(1 — r)us(wa),
E [ua(p(Zy +) | Fo] = (1 = r)ua(wa) + rug(ws).

For each uy consistent with 7o such that us(ws) = 0, ug(ws) = 1, and ug(wy) <
T E [ua(p(72h <) | Fo] > Efua(p(Ze, ) | Fo], which contradicts incentive
compatibility.

‘p(illai—l) = [(LwZ)» (27("}1)7 (37w3)]7 ‘p(iéai—ﬂ = [(1,(4}3), (27w2)7 (37w1)]7 and
o(7h, 7m3) = [(1,we), (2,w1), (3,ws)]. Then, for each uy consistent with =,

E [uz(p(Z2 *) | Fo] = ug(wr),
E [uz(0(Z5 <) | Fo] = (1 =7 + prjug(wa) + (1 — p)rug(ws).

For each uy consistent with 775 such that us(ws) = 0, ug(wz) = 1, and ug(wy) <
(1 —=p)r, Efua(@(Zh +) | Fo] > Efua(@(Z2, ) | Fo] , which contradicts incentive com-
patibility.

‘p(illai:—l) = [(17w1)> (2,(.03), (3,0)2)], 90(?\;/2’?\:—2) = [(Lwl)» (2,(.03), (3,(4)2)], and
o(h, 7mo3) = [(1,ws3), (2,ws), (3,wr)]. Then, for each uy consistent with 7,

~3)r~—3

E [us(o(Z2,7) | Fo] = [pr+ (1 = p)(1 — )] ua(wi) + p(1 — r)uz(ws) + (1 — p)rus(ws),
E [us(p(Z3 +) | Fol = (1 = r)ua(wa) + rug(ws).

10



(vii)

(viii)

For each uy consistent with 7= such that us(ws) = 0, ug(wsz) = 1, and ug(wy) <
Ay E [ua(p(2h <) | Fo] > Efuz(ev(Z2, ) | Fo] , which contradicts incentive

compatibility.

90<r>\:/1w>\-/—1) - [(1,&)1), (2,(,03), (379‘}2)]’ 90<r>\:/27r>\_/—2) - [(1,&)1), (2,(,03), (37w2)]’ and
o(7h, 7m3) = [(1,ws), (2,ws), (3,w1)]. Then, for each uz consistent with 73,

~3r~—3

E [us(¢(Zs,+) | Fa] = (1 = pg)us(ws) + pquz(ws),
E [uz(0(Z5 <) | Fa] = pus(wi) + (1 — plug(ws).

For each ug consistent with 773 such that ug(w;) = 1, uz(ws) = 0, and ugz(ws) < 1%;(1,

E[us(p(zh ) | Fs] > E[us(p(zs,) | F3], which contradicts incentive compatibility.

90<i:,17,->\; l) = [(1,W1),(2,&)3),(3,W2)], 90<i:,27r>\; 2) = [(1,(4}1),(2,(4)3),(3,(4}2)], and
o(7h, m3) = [(1,we), (2,w1), (3,ws)]. Then, for each us consistent with =3,

E [us(¢(Z3,°) | Fa] = (1 — pg)uz(wa) + pqus(ws),
Eus(p(Z5 ) | F3] = p(1 — qJus(wi) + (1 — p + pq)uz(ws).

For each ug consistent with 7-3 such that us(w;) = 1, uz(ws) = 0, and uz(wy) < pfl pg),

E[us(p(zh ) | Fs] > E[us(p(Zs, ) | F3], which contradicts incentive compatibility.

90(?\;/1’?\: 1) = [(1 wl) (2,&]3),(3,(4}2)], 90(?\;/2’?\:—2) = [(17w3)7(27w2)7(37w1)]7 and
o(7zh, 7o) = [(1,we), (2,wy), (3,ws)]. Then, for each u} consistent with =},

Eui(p(Z1, ) | Fs] = qui(wz) + (1 = q)uy(ws),
Efui(o(Z ) [ Fa] = lgr + (1 = @)Juy(wi) + g(1 = r)ui (we).

For each w consistent with 27} such that v/ (w;) = 0, u}(w2) = 1, and v} (w3 > £

E[u)(p(zZ1-) | F1] > E[u)(p(Z), ) | F1], which contradicts incentive compatzbzlzty.

Next, we analyze the case 2 < k < n. Remember that there are at least k + 1 agents.
Let R be such that for each i =1...,k+ 1:

wiﬂPiw,-Piwj \V/’Lé{k}—l,k’—f—l}, Vj¢{l7l+1},
Wi Pr—1 wry1 Po—1 wi—1 Pr1 w§- vy’ ¢ {k’ -1,k k+ 1},
wy Priq wo Py wiaq Preaa w;-’ Vj” §é {1, 2,k + 1}

11



By individual rationality, without any loss of generality, we can focus on the assignment
restricted to the patients 1 Jk+ 1.

For each i € N, let =,= P,, =} ;€ R}, be such that wy =} ; wpk_1 =% | W1
and 7)€ R, be such that wy >}, wyp1 =jyy wa. Let F be such that for each
i€ N\{k—1,k+1}and j € {k—1,k+1},£;(ZZ:) = 1, fi1 (ZTe—1) = p, fit1 (Thy) = (1—p),
fr—1(Zrs1) = ¢, and fr_1 (4 1) = (1 — q). By individual rationality and k-efficiency,

(1,w;) (4, wit1) Vi<k—1
p(z) € (,wis) Yi=2...k| , EZ ;:) “ir) ,
(k4 1,ws) ’
(k+1,wy)
(1 wr)
O(Zhets T=h=1)) = | (i, wit1) Vi=2,....k |,
(k‘ + 1, wo)
[ (i, wis1) Vi<k—1)
/ (k= 1, wk41)
O(Zhor1r R— (k1)) = (ko) ,
(B +1,w) |

O(Zhr1 Thats o—(fh—1k41})) = (1, wi) Vi € NJ.

Consider agent k — 1. If ¢5_1(77) = wiy1, then for each uy_y consistent with 77;_,,

E [ug—1(p(Zh-1,°) | Fro1] = w1 (wria),
E [up—1(e(Zhoy ) | Fro] = quia—1(wr) + (1 — @)up—1(wi—1),

For each uy_; consistent with 7,1, such that ug_1(wg_1) = 0, and uy_1 (wy) > %Uk_l(Wk_i_l),
E [up—1(p(Zh_y ) | Fr1] > Efug—1(p(Zk-1,+) | Fi—1], which contradicts incentive com-
patibility. Then, @r_1(77) = wi and

(Lwl)
e(Z) =1 Gwip) Vi=2,... .k
(k‘i‘l,&)g)

Note that for each ug,1 consistent with 751,

E [up1(p(Zks150) | Frpa] = ugga(wa),
E [wrs1(0(Zhs1 ) | Fra1] = pgesr (w1) + (1 = p)uwrsr),

12



For each w1 consistent with -5 1, such that ugi(wgr1) = 0, and ugiq(wy) > %ukﬂ(@),
E [trs1(9(Zhyr ) | Frgr] > Eluria(0(Zera, ) | Fraa), which contradicts incentive com-

~Y

patibility. O
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